Abstract -The objective of this paper is to study the heat and mass transfer in vertical infinite parallel plates in the presence of first order chemical reaction. The channel is filled with viscous, immiscible fluids. Fluids in both the regions are incompressible and the transport properties are assumed to be constant. The governing equations which are coupled and highly nonlinear are solved analytically using regular perturbation method and numerically using finite difference method. Separate solutions are matched at the interface by using suitable matching conditions. The effects of various pertinent parameters on the heat and mass transfer characteristics are discussed numerically and represented graphically. The thermal Grashof number and mass Grashof number enhances the flow in both regions in the presence or in the absence of first order chemical reaction. The viscous dissipation, viscosity ratio, width ratio and conductivity ratio enhances the flow, where as the first order chemical reaction parameter suppresses the flow in both the regions. The volumetric flow rate, Nusselt number, total species rate and the total heat rate added to the flow are also explored. It is also found that the numerical and analytical solutions agree very well for small values of the perturbation parameter.
Introduction
Convective flows are of great interest in a number of industrial applications such as fiber and granular insulations, geothermal systems etc. Many analysis of laminar convection in vertical parallel plate channels are available in the literature. These analyses can be classified into free convection and mixed convection, symmetric and asymmetric heating with uniform wall temperature or uniform wall heat fluxes. Generally, the developing flow is analyzed by numerical technique [1] , the fully developed flow is analyzed analytically [2] and experimental work is also available [3] .
The mixed convection in narrow vertical ducts without the effect of viscous dissipation has been investigated by Pop et al. [4] . Storesletten and Pop [5] have extended the problem of buoyancy-driven viscous flow in a vertical parallel plane channel posed by Banks and Zalurska [6] to the case of a vertical porous layer with non-uniform wall temperature. The effect of viscous dissipation has been included in the study of the combined free and forced convection in a porous medium between two vertical walls by Ingham et al. [7] . More recent contributions to the effect of viscous dissipation in addition to the buoyancy effects have been published by Nield [8] , and by Magyari et al. [9] . Analytical Taylor series solutions have been reported for the mixed convection in a vertical channel for isoflux-isothermal wall conditions by Barletta et al. [10] . The same approach has been applied to the mixed convection channel flow of clear fluids for the case of symmetrical isothermal-isothermal wall conditions by Barletta et al. [11] .
All the mentioned studies pertain to a single-fluid model. Most of the problems relating to the petroleum industry, geophysics, plasma physics, magneto-fluid dynamics, etc., involve multi fluid flow situations. The problem concerning the flow of immiscible fluids has a definite role in chemical engineering and in medicine [12] . There have been some experimental and analytical studies on hydrodynamic aspects of the two-fluid flow reported in the literature. Bird et al. [13] obtained an exact solution for the laminar flow of two immiscible fluids between parallel plates. Bhattacharya [14] investigated the flow of two immiscible fluids between two rigid parallel plates with a time-dependent pressure gradient. These examples show the importance of knowledge of the laws governing immiscible multiphase flows for proper understanding of the processes involved. In modeling such problems, the presence of a second immiscible fluid phase adds a number of complexities as to the nature of interacting transport phenomena and interface conditions between the phases. There has been some theoretical and experimental Open Journal of Heat, Mass and Momentum Transfer (2014) 28-46 29 work on stratified laminar flow of two immiscible fluids in a horizontal pipe [15, 16] . Prathap Kumar et al. [17, 18] studied convective flow of immiscible fluids in a channel.
Beavers and Joseph [19] first investigated the fluid mechanics at the interface between fluid layer and a porous medium over a flat plate. Rudraiah [20] investigated the same problem using Darcy-Brinkman model. Neild [21] discussed the limitation of the Brinkman-Forchheimer model in porous media and at the interface, between the clear fluid and porous region. Kuznetsov [22] gives a detailed introduction to the applications and analytical studies of forced convection in partly porous configurations. The first exact solution for the fluid flow in the interface region was presented in Vafai and Kim [23] . In this study, the shear stress in the fluid and the porous medium were taken to be equal at the interface region. Alzami and Vafai [24] reviewed different types of interface conditions between a porous medium and a fluid layer. Following Vafai and Kim [23] , Malashetty et al. [25] and Umavathi et al. [18] studied two fluid flow models in channels.
Combined heat and mass transfer problems with chemical reaction are of importance in many processes of industrial applications such as the polymer production and manufacturing of ceramics or glassware. There are two types of reactions such as (i) homogeneous reaction and (ii) heterogeneous reaction. A homogeneous reaction occurs uniformly throughout the given phase, whereas heterogeneous reaction takes place in a restricted region or within the boundary of a phase. A chemical reaction is said to be first-order, if the rate of reaction is directly proportional to concentration itself. In many industrial processes, the diffusing species can be generated or absorbed into the ambient fluid due to different types of chemical reaction in heat and mass transfer over a moving surface which can greatly affect the properties and quality of the finished products. Deka et al. [26] studied the effect of the first-order homogeneous chemical reaction on the process of an unsteady flow past an infinite vertical plate with a constant heat and mass transfer. The combined effects of thermal and mass diffusion in channel flows have been studied by Nelson and Wood [27] and Sreenadh et al. [28] . Das et al. [29] have studied the effect of mass transfer on the flow started impulsively past an infinite vertical plate in the presence of wall heat flux and chemical reaction. Muthucumaraswamy and Ganeshan [30] have studied the impulsive motion of a vertical plate with heat flux/mass flux/suction and diffusion of chemically reactive species. Seddeek [31] have studied the finite element method for the effect of chemical reaction, variable viscosity, thermophoresis and heat generation/absorption on a boundary layer hydro magnetic flow with heat and mass transfer over a heat surface. Recently Prathap Kumar et al. [32, 33] 
Mathematical Formulation
The geometry under consideration illustrated in Fig.1 
The boundary and interface conditions on velocity, temperature and concentration are
The boundary conditions indicate the no-slip and isothermal conditions at the boundaries, continuity of velocity, temperature, concentration, shear stress, heat flux, and mass flux at the interface. It is convenient to transform Eqs. (2.1) to (2.6) to a non-dimensional form. The following transformations are used. 
14)
The non-dimensional form of velocity, temperature, concentration, boundary and interface conditions (2.7) becomes,
Methods of Solution

Regular perturbation method
Equations (2.9), (2.10), (2.12) and (2.13) are coupled and non-linear equations, and closed form solutions can not be obtained. However approximate analytical solutions can be obtained using regular perturbation method. The Brinkman number Br is chosen as the perturbation parameter. To this end the solutions are assumed as, First-Order boundary and interface conditions 11 (1) 0 u  , 21 ( 1) 0
The solutions of Eqs.(2.11) and (2.14) using boundary and interface conditions as defined in Eq. (2.15) become
The solutions of the zeroth order and first order Eqs. (3.7)-(3.10) are obtained by using boundary and interface conditions as defined in Eqs.(3.11) and (3.12) and are given by 
Heat Transfer
The wall heat transfer expression in terms of the Nusselt number becomes 
The integrating constants appeared in Eqs. 
Finite difference Method
The analytical solutions obtained in Subsection 3.1 are valid only for small values of Brinkman number Br . In many practical problems, the values of Br may not be small enough and also to validate the perturbation method, we resort to numerical solutions. The numerical method employed involves solving the governing Eqs. (2.9)-(2.14) together with boundary and interference conditions (2.15) using finite difference method. Replacing the derivatives with the corresponding central difference approximation, we obtain a set n algebraic equation, where n is the number of divisions from -1 to 1. To validate the numerical scheme the computed solutions are compared with analytical solutions. The numerical and analytical solutions are in excellent agreement for small values of Br , which are tabulated in Table 1 for velocity and temperature. , implies the viscosity of the fluid in region-II is ten times the viscosity of fluid in region-I. It is well-known that as the viscosity of the fluid increases, the convection decreases. Therefore it is evident for Fig.4a that the magnitude of velocity in region-II is less when compared to the region-I. The boundary conditions on temperature are, cooling at the left plate and heating at the right plate, therefore temperature increases from left to right plate for all values of viscosity ratio.
Results and Discussion
The effect of width ratio h 21 () hh on the velocity and temperature fields are displaced in Figs.5a and 5b respectively. The effect of h is similar to the effect of m on the flow field. For the value of 0.1 h  , implies the width of region-I is ten times the width of region-II. As width of the channel increases, convection decreases. Therefore the magnitude of velocity in region-II is less when compared to region-I (Fig.5a ). Further the wall temperature are not symmetric (right wall temperature is higher than the left wall), therefore the velocity profile for 6 h  is not symmetric. The temperature profile display parabolic nature for 1 h  and hyperbolic nature for 1 h  as seen in Fig. 5b . The effect of conductivity ratio k 12 () kk on the velocity and temperature fields is depicted in Figs.6a and 6b respectively.
As k increases, the velocity and temperature fields are enhanced in both the regions. That is, the larger the conductivity of the fluid in region-I compared to conductivity of fluid in region-II, the larger the flow field. The effects of m , h and k on the flow were the similar results observed by Umavathi and Manjula [35] in a vertical channel filled with viscous immiscible fluids in the absence of chemical reaction.
The effect of first order chemical reaction parameter  on the velocity, temperature and concentration fields are shown in Figs.7a, 7b and 7c respectively. These figures revel that as  increases the velocity, temperature, and concentration fields are reduced. The decrease in flow field with an increase in  is natural based on the physical grounds. Since an increase in  leads to the increase in the number of solute molecules undergoing chemical reaction resulting in the decrease of the flow field. The similar results was also observed by Damesh and Shannak [36] for viscoelastic fluid, and Krishnendu [37] for viscous fluid.
The effect of mass Grashof number C GR on the volumetric flow rate for variations of viscosity ratio, width ratio and conductivity ratio are plotted in Fig.8 . It is seen that as the mass Grashof number increases the volumetric flow rate also increases. This is due to the fact that, increase in the mass Grashof number tends to accelerate the fluid flow and hence the volumetric flow rate is also increased. The volumetric flow rate is defined as the sum of the volumetric flow rate of the fluid in region-I and in region-II. The effect of the dimensionless total species rate added to the fluid with the mass Grashof number C GR for various values of m , h , k is shown in Fig.9 . Increase in the Grashof number accelerates the fluid flow thus enhancing the mass transfer 28-46 35 rate between the wall and the fluid flowing through the vertical channel. The species rate is defined as the sum of the species rate of the fluid in region-I and in region-II. The dimensionless total heat rate added to the fluid E versus mass Grashof number C GR is plotted in Fig.10 for variations of m , h , k . Here also the total heat rate added to the fluid enhances with increase in the mass Grashof number. This is due to the fact that increase in mass Grashof number raises the heat transfer rate between the wall and the fluid and thus increases the total heat rate added to the fluid in a vertical channel. The total heat rate is taken as the sum of the heat rate in region-I and region-II. Further, one can also come to the conclusion from Figs.8, 9 , and 10 that, as , mh and k increases the volumetric flow rate, species concentration and heat rate also increases. The values of volumetric flow rate, species concentration and heat rate remains the same when 1 m h k    . This is the valid result because considering all the ratios to be equal to 1 implies the channel is filled with same viscous fluids in both the regions. However, variations of , mh and k for values not equal to 1 shows different profiles for volumetric flow rate, species concentration and heat rate. In all the three graphs, the magnitude of volumetric flow rate, species concentration and heat rate is large for k , when compared with m and h . The magnitude of volumetric flow rate, species concentration and heat rate is optimal for m when compared with h . The effects of volumetric flow rate, species rate, and total heat rate were the similar results observed by Cheng [38] 
GR increases
Nu  and Nu  increases in magnitude. The effect of Brinkman number on the velocity and temperature fields is shown in Table1. It is seen that as the Brinkman number increases the velocity and temperature increase in both the regions. An increase in Brinkman number results in an increase in dissipation effects which results in an increase of temperature and as a consequence velocity increases for the increase in buoyancy force in the momentum equation. This table also shows the comparison of numerical and analytical solutions. It is seen that analytical and numerical solutions are equal to the order of 6 
10
 in the absence of Brinkman number (for example the value of velocity and temperature at 0.2 y  using FDM is 0.91981019287893, 0.60000000000000 respectively. The value of velocity and temperature using PM is 0.9198100000, 0.60000000 in the absence of Brinkman number) and the difference increases as the Brinkman number increases. Further the percentage of error is also calculated and shown in the table. 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
Conclusions
The problem of heat and mass transfer in a vertical channel filled with viscous immiscible fluids was analyzed analytically by using regular perturbation method and numerically by finite difference method. The following conclusions are drawn 1. The effect of thermal Grashof number and mass Grashof number was to enhance the velocity and temperature fields. 2. The larger the values of viscosity ratio, width ratio, conductivity ratio, the larger the flow field. 3. The flow field was found to be less in the presence of first order chemical reaction parameter when compared in the absence of chemical reaction parameter. Further as the chemical reaction rate parameter increases heat and mass transfer decreases. 4. The volumetric flow rate, species concentration, and heat rate added to the flow was to increase for increasing values of mass Grashof number, viscosity ratio, width ratio, and conductivity ratio. 5. Nusselt number at the hot and cold wall increases in magnitude for increasing values of mass Grashof number. 6. The percentage of error between analytical and numerical solutions increases as the Brinkman number increases.
